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ABSTRACT: The main propose of this paper is to generalized Laplace-Mellin Integral Transformation in 

between the positive regions of real axis. We have derived  some new properties and theorems .And give 

selected tables for Laplace-Mellin Integral Transformation. 

 

I. INTRODUCTION 
Integral  Transformation  recognition  is  one  of  the  most powerful tool in  applied  Mathematics for 

solving initial and boundary value problem . It cover wide range of application in various area of   Physics, 

Electrical engineering , Control engineering ,Optics and Signal  processing. 

There are already existing  several work done on the theory and application  of Integral  Transformation  

like  Fourier , Laplace , Mellin , Hankel, Hilbert , Stieltjes  and many other which are mansion in „ Generalized 

Integral Transformation‟  . This paper are  re-introduced  the two type   of   integration    those are  Laplace 

Transformation  and  Mellin Transformation. Both  have there  own importance, but in  this  paper we  deduced  

the combined   relation between Laplace Transformation and Mellin Transformation  and  explaining the   

extension of  generalized function of  Laplace- Mellin Integral Transformation (LMIT). 

 

1.1  FORMAL DEFINATION: 

The  conventional Laplace - Mellin Integral Transformation (LMIT) is defined as 

𝔏𝔐  𝑕 𝑙, 𝑚  = 𝐻   𝑙, 𝑚  =   𝑕 𝑙, 𝑚  𝑒−𝑠𝑙  𝑚𝑝−1 𝑑𝑙 𝑑𝑚
∞

0

∞

0

 

where  the 𝑓 𝑙, 𝑚  be  the function  of  suitably  restricted conventional function on the real line  0 < 𝑙 < ∞ and 

0 < 𝑚 < ∞ . Where  𝑠 𝑎𝑛𝑑 𝑝  be both are the complex variables  and  𝑓 𝑙, 𝑚  is called the time domain 

representation of the signal  processing. 

The function is Mellin transformation is denoted by 𝔐 and Laplace transformation is denoted  by 𝔏 .Thus 

the function is combined  denoted operator   as  𝔏𝔐  for Laplace  Mellin  Integral  Transformation. 

The Double Laplace Transformation (two dimension Laplace Transformation) be denoted as 

 𝔏2  𝑓 𝑙, 𝑡  = 𝐹 (𝑠, 𝑝) =   𝑓 𝑙, 𝑡  𝑒−𝑠𝑙  𝑒−𝑝𝑡  𝑑𝑙  𝑑𝑡
∞

0

∞

0

 

The LMIT can be obtained by applying the change of one variable in Double Laplace Transformation. It 

generated when we take same time  function, let the function 𝑒−𝑡 = 𝑚 , then 𝑡 = −𝑙𝑜𝑔𝑚 and 𝑓 −𝑙𝑜𝑔𝑚 =
𝑓(𝑚). We also arise this generalized condition from two dimension Fourier Transformation. As the result, the 

Laplace - Mellin Integral Transformation (LMIT) is of a certain type of generalized function  𝑓 𝑙, 𝑚  can be 

defined as      the  application  of  𝑓 𝑙, 𝑚  to     the  kernel  𝑒−𝑠𝑙  𝑚𝑝−1 

𝐻  𝑙, 𝑚 = < 𝑕 𝑙, 𝑚   , 𝑒−𝑠𝑙  𝑚𝑝−1 > 
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1.2   TABLES FOR SELECTED LAPLACE ELLIN INTEGRAL TRANSFORMATION 

 

II. GENERALIZED LAPLACE - MELLIN  INTEGRAL  TRANSFORMATION 
2.1   DEFINATION  : The  Generalized  Laplace - Mellin  integral  transformation  (GLMIT) with parameter 

𝛡 of  𝑕 𝑙, 𝑚  denote by    𝔏𝔐  𝑕 𝑙, 𝑚   performs a liner operation , given by the Integral Transformation . 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝐾𝜛  𝑙, 𝑠, 𝑚, 𝑝  𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

The function 𝐾𝜛  𝑙, 𝑠, 𝑚, 𝑝   is called the  Kernel of the Transformation .Where   „s‟ and „p‟ are parameters (may 

be real or complex)  which are independent of „𝑙‟ and  „𝑚‟ . 

𝐾𝜛  𝑙, 𝑠, 𝑚, 𝑝 = 𝑒−𝑠𝑙   𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙   𝑚𝑃−1 

= 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 , 

where  𝜛 =  1
2 , 0 − 1, −2 , … , −𝑛    𝑃 + 𝜛2 = 𝑝 

 

2.2 TESTING FUNCTION SPACE 𝕷𝕸𝒂,𝒃,𝒄,𝒅
𝒘,𝒙,𝒚,𝒛

 
: 

Let we define be an open set ℑ which be as (0,∞) . In this section we examining the testing function space 

of  𝔏𝔐𝑎,𝑏,𝑐,𝑑 , where 𝑎, 𝑏, 𝑐, 𝑑, 𝑙, 𝑚 𝜖 𝑅1 and 𝑠, 𝑝 𝜖 𝐶𝑛  . As we kwon that any space is say to be a testing function 

space on ℑ if  it satisfied  the  following  condition : 

1. The space should be consists entirely of smooth complex value function   on ℑ . 

2. The space  is must be either a complete countably normed  or a complete  countably  union  space. 

3. If possible to be define any sequence as    𝜙𝑡   𝑡=1
∞ , which is converges   in zero element of that space  and also 

their exist for all non negative   values  of  𝑘 𝜖 𝑅𝑛 ,   𝔇𝑘  𝜙𝑡   𝑡=1
∞  converges to the zero function uniformly on  

every  compact  subset  of  ℑ . 

Let us we define a function 𝜙 𝑙, 𝑚  on the linear space  𝔏𝔐𝑎,𝑏,𝑐,𝑑 , where −∞ < 𝑙 < ∞ and 0 < 𝑚 < ∞. In this 

integral we define two function  𝒥𝑎 ,𝑏 𝑙   and  𝜆𝑐,𝑑 𝑚  

              𝒥𝑎,𝑏(𝑙) ≜   𝑒
𝑎𝑙                   0 ≤ 𝑙 < ∞

 𝑒𝑏𝑙              − ∞ < 𝑙 < 0
  

and                                     𝜆𝑐,𝑑(𝑚) ≜   
𝑚−𝑐                   0 < 𝑚 ≤ 1
 𝑚−𝑑                  1 < 𝑚 < ∞

  

In their  both the  function  𝒥𝑎,𝑏 𝑙   and   𝜆𝑐,𝑑 𝑚   satisfied  the first condition  of  smooth  function  because 

both function has 𝑅𝑛  or 𝐶𝑛  domain  and range will be defined in one dimension real or complex number . Also 

both function  are individual  infinitely differentiable  function  in infinitely real or complex    number (  𝑅∞ or  

𝐶∞ ) . 

 

NO 𝑓(𝑙, 𝑚) 

 
𝔏𝔐  𝑓 𝑙, 𝑚  =   𝑓 𝑙, 𝑚 𝑒−𝑠𝑙  𝑚𝑝−1𝑑𝑙𝑑𝑚

∞

0

∞

0

 

1 1 + 𝑙

1 + 𝑚
 

𝑠 + 1

𝑠2
   𝒯 𝑝   𝒯 1 − 𝑝  

2 
 

1 + 𝑙

1 + 𝑚
 
𝑛

  
1

𝑠
+

𝑛

𝑠2
+

𝑛(𝑛 − 1)

𝑠3
+ ⋯ +

𝒯 𝑛 + 1 

𝑠𝑛+1
 

 𝒯 𝑝 𝒯 𝑛 − 𝑝 

𝒯 𝑛 
 

3 𝑒𝑙𝑚  𝜋 𝑠𝑝−1 cot 𝜋𝑝        0 < 𝑅𝑒 𝑝 < 1 

4 𝑒−𝑙𝑚  𝜋 𝑠𝑝−1 cosec 𝜋𝑝        0 < 𝑅𝑒 𝑝 < 1 

5 𝑒𝑙 − 1

𝑒𝑚 − 1
 

1

𝑠(𝑠−1)
 𝒯 𝑝   𝜁(𝑝) ,     𝜁(𝑝) is Riemann Zeta function 

6 𝑒𝑙 + 1

𝑒𝑚 + 1
 

2𝑠 − 1

𝑠(𝑠 − 1)
  1 − 21−𝑝  𝒯 𝑝   𝜁(𝑝) 

7 sin 𝑙𝑚 𝜋

2
 𝑠𝑝−1 𝑐𝑜𝑠𝑒𝑐 

𝜋 𝑝 + 1 

2
 

8  cos 𝑙𝑚 𝜋

2
 𝑠𝑝−1 𝑐𝑜𝑠𝑒𝑐 

𝜋𝑝

2
 

9 sin⁡(𝑎𝑙 ± 𝑏𝑚) 𝑏−𝑝  𝒯 𝑝 

𝑠2 + 𝑎2
  (𝑎 𝑐𝑜𝑠

𝜋𝑝

2
± 𝑠 𝑠𝑖𝑛

𝜋𝑝

2
 ) 

10 cos⁡(𝑎𝑙 ∓ 𝑏𝑚) 𝑏−𝑝  𝒯 𝑝 

𝑠2 + 𝑎2
  (𝑠 𝑐𝑜𝑠

𝜋𝑝

2
± 𝑎 𝑠𝑖𝑛

𝜋𝑝

2
 ) 
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So we can define  𝔏𝔐𝑎,𝑏,𝑐 ,𝑑  is a linear space with holding properties of addition  and  multiplication by complex 

numbers . And also 𝔏𝔐𝑎,𝑏,𝑐,𝑑  define the space of  all complex valued smooth functions . 

𝛾𝑗 ,𝑘 𝜙 𝑙, 𝑚  ≜  𝛾𝑎,𝑏,𝑐,𝑑,𝑗 ,𝑘𝜙 𝑙, 𝑚     ≜ sup
−∞<𝑙<∞

0<𝑚<∞

 𝒥𝑎,𝑏 𝑙  𝜆𝑐,𝑑 𝑚  𝔇𝑙
𝑗
  𝔇𝑚

𝑘  𝜙 𝑙, 𝑚  < ∞ 

for each   𝑗 , 𝑘 = 0 , 1 , 2 , …………… 

Where we define a collection of countable seminorm  𝛾𝑗 ,𝑘  𝑗=0
𝑘=0

∞
 on the  linear space 𝔏𝔐𝑎,𝑏,𝑐 ,𝑑 . We used that 

notation  𝛾𝑗 ,𝑘 in place of 𝛾𝑎,𝑏,𝑐,𝑑,𝑗 ,𝑘 . Again  𝛾0,0  be the norm on  𝔏𝔐𝑎 ,𝑏,𝑐,𝑑 which is the zero element of  

𝔏𝔐𝑎,𝑏,𝑐,𝑑 . From those above definition we can called   𝛾𝑗 ,𝑘  𝑗=0
𝑘=0

∞
 the countable  multinorm and the linear space 

𝔏𝔐𝑎,𝑏,𝑐,𝑑  is called countably  multinormed  space on ℑ . 

For each  fixed  nonnegative numbers 𝑗 and 𝑘 , we define a  Cauchy  sequence   𝜙𝑡  𝑡=1
∞  in  𝔏𝔐𝑎,𝑏,𝑐 ,𝑑  which 

is converges  𝜙𝑡  in 𝔏𝔐𝑎,𝑏,𝑐 ,𝑑  which is defined in the equation . By the definition we can  say that   

𝒥𝑎,𝑏 𝑙  𝜆𝑐,𝑑 𝑚  𝔇𝑙
𝑗
  𝔇𝑚

𝑘  𝜙 𝑙, 𝑚  , this function  be  uniformly  convergent  on  −∞ < 𝑙 < ∞  and 0 < 𝑚 < ∞  as 

𝑡 → ∞.  So  by theorems we can say the function  𝜙𝑡(𝑙, 𝑚) is  also  convergent   𝜙(𝑙, 𝑚) as   𝑡 → ∞ . Again for 

any  𝜖 > 0 there exist  an 𝐻𝑗 ,𝑘   such  that ,   for every  𝑡, 𝜇 > 𝐻𝑗 ,𝑘  

 𝒥𝑎,𝑏 𝑙  𝜆𝑐,𝑑 𝑚  𝔇𝑙
𝑗
  𝔇𝑚

𝑘   𝜙𝑡 𝑙, 𝑚 − 𝜙𝜇  𝑙, 𝑚   < 𝜖 

again for all  𝑙  and  𝑚 ,we  taking  the limit  as  𝑡 → ∞ . So the function reduced its form  and we get 

 𝒥𝑎 ,𝑏 𝑙  𝜆𝑐,𝑑 𝑚  𝔇𝑙
𝑗
  𝔇𝑚

𝑘   𝜙𝑡 𝑙, 𝑚 − 𝜙 𝑙, 𝑚   ≤ 𝜖    −∞ < 𝑙 , 𝑚 < ∞  , 𝑡 > 𝐻𝑗 ,𝑘  

Due to as we  know for each  𝑗, 𝑘 .The seminorm  𝛾𝑗 ,𝑘  𝜙𝑡 − 𝜙 → 0 , as 𝑡 → ∞ . So , finally we can say the 

paritial function    𝔇𝑙
𝑗
  𝔇𝑚

𝑘  𝜙𝑡 𝑙, 𝑚  
𝑡=1

∞
 is converges to  the zero function  uniformly on  every  compact  subset  

of  ℑ . At the last  we  can  say  the  𝔏𝔐𝑎,𝑏,𝑐,𝑑  is the  testing  function  space  on the open  set  ℑ . 

 

2.3   DISTRIBUTIONAL GENERALISED 𝕷𝕸𝒂,𝒃,𝒄,𝒅
𝒘,𝒙,𝒚,𝒛

 
 : Let  𝔏𝔐𝑎,𝑏,𝑐 ,𝑑

𝑤,𝑥,𝑦,𝑧 ‡

 
 is the dual space of 𝔏𝔐𝑎,𝑏,𝑐 ,𝑑

𝑤,𝑥,𝑦 ,𝑧 

 
.This 

space 𝔏𝔐𝑎,𝑏,𝑐,𝑑
𝑤,𝑥,𝑦 ,𝑧 ‡

 
 consist of continuous liner function on 𝔏𝔐𝑎,𝑏,𝑐 ,𝑑

𝑤,𝑥,𝑦 ,𝑧 

 
. The distributional Generalized Laplace - 

Mellin  integral  transformation  of  𝑕 𝑙, 𝑚  ∈ 𝔏𝔐𝑎,𝑏,𝑐,𝑑
𝑤 ,𝑥,𝑦,𝑧 ‡

 
 is defined as 

𝔏𝔐  𝑕 𝑙, 𝑚  = 𝐻𝜛  𝑠, 𝑝 =  𝑕 𝑙, 𝑚 , 𝐾𝜛 𝑙, 𝑠, 𝑚, 𝑝    

=  𝑕 𝑙, 𝑚 , 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1   

where for each fixed   𝑙, 𝑚  0 < 𝑙 < ∞ 𝑎𝑛𝑑 0 < 𝑚 < ∞   , 𝑝 = 𝑃 + 𝜛2  𝑎𝑛𝑑 𝜛 =  1
2 , 0 − 1, −2 , … , −𝑛    , 

the right hand side of this equation has a sense as an application of  𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1  ∈ 𝔏𝔐𝑎 ,𝑏,𝑐,𝑑
𝑤 ,𝑥,𝑦,𝑧 

 
 

 

III. BACIS PROPERTIES 
3.1  LINEAR PROPERTY: When  GLMIT  is 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑎𝑕 𝑙, 𝑚 + 𝑏𝑗(𝑙, 𝑚) =    𝑎𝑕 𝑙, 𝑚 + 𝑏𝑗(𝑙, 𝑚) 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1  𝑑𝑙 𝑑𝑚 

= 𝑎𝐻𝜛  𝑠, 𝑝 + 𝑏𝐽𝜛  𝑠, 𝑝  

3.2   SCALING PROPERTY: When GLMIT  is 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑕  
𝑙

𝑎
,
𝑚

𝑏
  =   𝑕  

𝑙

𝑎
,
𝑚

𝑏
 

∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛  𝑠, 𝑝  

put    
𝑙

𝑎
= 𝑐 ⇒ 𝑙 = 𝑐𝑎  and  

𝑚

𝑏
= 𝑓 ⇒ 𝑚 = 𝑓𝑏 

differentiating, 𝑑𝑙 = 𝑎 𝑑𝑐    and    𝑑𝑚 = 𝑏 𝑑𝑓 

𝔏𝔐  𝑕 𝑐, 𝑓  = 𝑎𝑤  𝑏𝑝   𝑕 𝑐, 𝑓 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1  𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

 

3.3   POWER PROPERTY: When  GLMIT  is 
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𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑕 𝑙, 𝑚𝑟  =   𝑕 𝑙, 𝑚𝑟 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

when put   𝑚𝑟 = 𝑡 ⇒ 𝑚 = 𝑡
1

𝑟   , then 

𝔏𝔐  𝑕 𝑙, 𝑡  =
1

𝑟
  𝑕 𝑙, 𝑡 

∞

0

∞

0

 𝑒
 𝜋𝑝 +

𝜛2

𝑟
log 𝑡−𝜛 log 𝑙 −𝑠𝑙

  𝑡
𝑃
𝑟
−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛  𝑠,

𝑝

𝑟
  

 

IV. SOME RESULT 
4.1  INVERSION THEOREM: We assume that  𝔏𝔐  𝑕 𝑙, 𝑡   is regular function in the strips  𝑅𝑒 𝑠 < 𝑐  and 

 𝑅𝑒 𝑝 < 𝑓 (c and f are real number) of consequently the „s‟ and „p‟ planes with constants „a‟ and „b‟ as 

𝑎 − 𝑖∞ < 𝑠 < 𝑎 + 𝑖∞   and  𝑏 − 𝑖∞ < 𝑝 < 𝑏 + 𝑖∞ 

. 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

Form Laplace and Mellin Transformation, we know the inversion formula 

 

 𝔏 −1 𝐹(𝑠) = 𝑓(𝑙) =
1

2𝜋𝑖
  𝑒𝑠𝑙   𝐹(𝑠) 𝑑𝑠

𝑎+𝑖∞

𝑎−𝑖∞

 

and 

 𝔐 −1 𝐹(𝑝) = 𝑓(𝑚) =
1

2𝜋𝑖
  𝑚−𝑝   𝐹(𝑝) 𝑑𝑝

𝑏+𝑖∞

𝑏−𝑖∞

 

then, 

𝑕 𝑙, 𝑚 = 𝔏𝔐−1 𝐻𝜛 (𝑠, 𝑝) =
1

 2𝜋𝑖 2
   

𝜋

𝑠
 
𝜛 1

𝑝
𝑒(𝑠𝑙+𝜋𝑝 ) 𝑚−𝑝   

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝 

PROOF  : 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then   

𝑕 𝑙, 𝑚 =   𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙
∞

0

∞

0

𝑚𝑃−1  
1

 2𝜋𝑖 2
  𝑒𝑠𝑙  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝 𝑑𝑙 𝑑𝑚 

=
1

 2𝜋𝑖 2
  𝑒𝑠𝑙  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝    𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙
∞

0

∞

0

  𝑚𝑃−1 𝑑𝑙 𝑑𝑚  

=
1

 2𝜋𝑖 2
  𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

  
𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝   
𝜋

𝑠
 
𝜛

 
1

𝑝
 

=
1

 2𝜋𝑖 2
   

𝜋

𝑠
 
𝜛

 
1

𝑝
  𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

  
𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝                         𝜛 =
1

2
 

Where lim𝑚→∞ 𝑚𝑃 = 1 

=
1

 2𝜋𝑖 2
  

𝛤(𝜛 + 1)

𝑠𝜛+1
 
1

𝑝
  𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

  
𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠 𝑑𝑝              𝜛 = (0, −1, −2, … , −𝑛) 

4.2  CONVOLUTION  THEOREM  : When GLMIT  is 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑡 − 𝑙, 𝑚) =
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑡 − 𝑙, 𝑚   𝑑𝑠𝑑𝑝 

PROOF  : 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑡 − 𝑙, 𝑚) =   𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙
∞

0

∞

0

   𝑚𝑃−1𝑕 𝑙, 𝑚 𝑓(𝑡 − 𝑙, 𝑚) 𝑑𝑙 𝑑𝑚 
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=   𝑓 𝑡 − 𝑙, 𝑚  𝑒𝛼
∞

0

∞

0

𝑚𝑃−1  
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠𝑑𝑝 𝑑𝑙𝑑𝑚 

=
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠𝑑𝑝    𝑓 𝑡 − 𝑙, 𝑚 𝑒𝛼
∞

0

∞

0

𝑚𝑃−1 𝑑𝑙𝑑𝑚  

where ,   𝜋𝑝 + 𝜛2 𝑙𝑜𝑔𝑚 − 𝜛 𝑙𝑜𝑔 𝑙 − 𝑠𝑙 = 𝛼 

=
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑡 − 𝑙, 𝑚    𝑑𝑠𝑑𝑝 

so prove, when 𝜛 =
1

2
 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑡 − 𝑙, 𝑚) =
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑡 − 𝑙, 𝑚   𝑑𝑠𝑑𝑝 

when 𝛡=(0,-1,-2, … ,-n) 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑡 − 𝑙, 𝑚) =
1

 2𝜋𝑖 2
  

𝛤(𝜛 + 1)

𝑠𝜛+1𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑡 − 𝑙, 𝑚   𝑑𝑠𝑑𝑝 

 

4.3  ORTHOGONALITY  THEOREM  : When  GLMIT  is 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑡, 𝑚) =
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑡, 𝑚    𝑑𝑠𝑑𝑝 

PROOF  : 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑙, 𝑚) =   𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙
∞

0

∞

0

 𝑚𝑃−1𝑕 𝑙, 𝑚 𝑓(𝑙, 𝑚) 𝑑𝑙 𝑑𝑚 

=   𝑓 𝑙, 𝑚  𝑒𝛼
∞

0

∞

0

𝑚𝑃−1  
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝  𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠𝑑𝑝 𝑑𝑙𝑑𝑚 

=
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝑑𝑠𝑑𝑝    𝑓 𝑙, 𝑚 𝑒𝛼
∞

0

∞

0

𝑚𝑃−1 𝑑𝑙𝑑𝑚  

where ,   𝜋𝑝 + 𝜛2 𝑙𝑜𝑔𝑚 − 𝜛 𝑙𝑜𝑔 𝑙 − 𝑠𝑙 = 𝛼 

=
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑙, 𝑚    𝑑𝑠𝑑𝑝 

so prove, 𝑤𝑕𝑒𝑛 𝜛 =
1

2
 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑙, 𝑚) =
1

 2𝜋𝑖 2
  

𝜋𝜛

𝑠𝜛𝑝
 𝑒𝑠𝑙+𝜋𝑝 𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑙, 𝑚    𝑑𝑠𝑑𝑝 

when 𝛡=(0,-1,-2, … ,-n) 

𝔏𝔐  𝑕 𝑙, 𝑚  𝑓(𝑙, 𝑚) =
1

 2𝜋𝑖 2
  

𝛤(𝜛 + 1)

𝑠𝜛+1𝑝
 𝑒𝑠𝑙+𝜋𝑝𝑚−𝑝

𝑏+𝑖∞

𝑏−𝑖∞

𝑎+𝑖∞

𝑎−𝑖∞

 𝔏𝔐  𝑕 𝑙, 𝑚   𝔏𝔐  𝑓 𝑙, 𝑚    𝑑𝑠𝑑𝑝 

 

4.4  FIRST SHIFTING THEOREM: When  GLMIT  is 

𝔏𝔐  𝑕 𝑙, 𝑚  =   𝑕 𝑙, 𝑚 
∞

0

∞

0

 𝑒 𝜋𝑝 +𝜛2 log 𝑚−𝜛 log 𝑙 −𝑠𝑙   𝑚𝑃−1 𝑑𝑙 𝑑𝑚 = 𝐻𝜛 (𝑠, 𝑝) 

then, 

𝔏𝔐  𝑒−𝑎𝑙𝑚𝑏  𝑕 𝑙, 𝑚  = 𝐻𝜛 (𝑠 + 𝑎, 𝑝 + 𝑏) 

𝔏𝔐  𝑒𝑎𝑙𝑚−𝑏  𝑕 𝑙, 𝑚  = 𝐻𝜛 (𝑠 − 𝑎, 𝑝 − 𝑏) 
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